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tary groups. For an atomic { shell, we find that the group complementary to the basnc quark
group U(2') is isomorphic to the double group of the tesseract, W¥. Character tables for
W and its subgroup SW¥ are provided. When /=3, the extra symmetry afforded by the
automorphisms of SO(8) shows up by providing two further complementary groups. The
group 80,(3)" x S04(3)" is complementary to SO(7)" and the group W3, also isomorphic
to the group of the tesseract, is complementary to SU(7)’. The quark states of the f shell
are calculated by diagonalizing a suitably chosen W¥ scalar operator, and the generalization
to the g shell is discussed.

1. Introduction

The concept of atomic quarks introduced recently [1-3] has proved to be a valuable
tool in nndprqmndma the subtleties of the atomic f shell. The idea is that states of an

atomic ! shell may be constructed by coupling together just four objects (quarks), each
quark belonging to the 2'-dimensional spinor irreducible representation (irrep) of
SO(21+1). Two parity labels are needed to complete the construction. Having intro-
duced the quark it is natural to consider transformations among its 2! components,
leading us to study the group U(2') and its subgroups. Depending on the nature of
the quark angular momentum we can introduce the groups SO(2') (for integral quark
angular momentum), Sp(2') (half-integral quark angular momentum) and SO(2/+2),
The group schemes for integral (half-integral} quark angular momentum are

U2 =2 80(2")Sp(2')) 25021 +1)

1
U2y > 80(21+2) > 80(2i+1). (1)

When we put / =3 in equations (1) we have that 2' = 2/+2 =8 and the two schemes
are identical. In the first scheme the 8-dimensional irrep [1] of U(8) is associated with
the 8-dimensional irrep (1000} of SO(8), while in the second it is associated with the
8-dimensional spinor irrep (3311}. Clearly, these two irreps must be equivalent, and
indeed we have here an example of the automorphisms exhibited by SO(8)}. These
automorphisms may be visualized as permutations of the three arms of the Dynkin
diagram for SO(8) that leave it invariant [4].

In our analysis of the f shell we have used the automorphisms of SO(8) in a slightly
different manner from that indicated above. We prefer to reserve the irrep (1000) of
SO(8) for a single quark, and to indicate the automorphisms in the form of three

alternatives for X in the reduction SO(8) > X o G,, where G, is Cartan’s exceptional
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group. The group X can be the SO(7) introduced by Racah [5] or one of the two
SO(7)s first introduced by Labarthe [6] in connection with atomic quasiparticles. We
indicate the latter by SO(7)' and SO(7)". The generators for the three SO(7) groups
have been described elsewhere in detail, both in terms of quasiparticles [3] and in
terms of quarks [7]. A single quark has the angular momentum structure s+ f and can
be thought of as deriving from (333) of SO(7), (100)'+{000) of SO(7)’, or (311} of
S0(7)".

An aspect of the aiomic-quark model noi yet studied concerns the nature of its
complementary groups. The idea of the complementary group was introduced by
Moshinsky and Quesne [8] and, in those cases where such a group exists, gives us an
alternative, yet equivalent, way of characterizing the states of a system. Atomic physi-
cists have used the complementarity of SO(2!+ 1) to 80(3) x SC3(3), where the latter
is the product of rotation groups in the quasispin and spin spaces, to yield relations
between the matrix elements of operators with well-defined spin and quasispin ranks.
The idea has been explored in a broader context in nuclear physics [9]. Le Blanc and
Rowe [10] have indicated how the principle of complementarity is related to a technique
of Biedenharn et al [11] introduced to resolve the outer multiplicity problem for SU(3).
Several authors have used the idea of a dual basis to calculate recoupling coefficients
for a group by invoking the properties of its complementary group [12-14].

In this paper we discuss the idea of the complementary group as it applies to the
quark model of the atom. Because of the rich structure in the atomic f shell associated
with the automorphisms of SO(8), new possibilities arise for further complementary
group structure. We find several new cases, two of which are based on the group of
the tesseract (the 4-dimensional cube) and one of which is of use in simplifying
construction of the quark states.

2. Generators

The atomic quasiparticles @ are introduced through the defining relation
0= (3@, + (1) ™ ] (2)
where a'{a) are creation (annihilation) operators for the electrons with m, and
values indicated by subscripts [15]. The pairs (m,, b)=(3,0), (1,-1), (-3,0) and
—1,—1) serve to define the four possibilities A, x, » and £ for 6. We note that the
tensors @ obey the relations A'=A, p'=—p, v'=» and £'=-¢
The coupled tensors (878)'7, for k odd, form the generators of the group SO,(2/+
1). Summing over 8, we obtain the generators of Racah’s SO(2/+1}) [5] which is the
group familiar to us from classical atomic spectroscopy. However, many more groups
can be obtained by forming products of more than two 8s. For f electrons we consider
0" for n=0, 2, 4 and 6 and assign SO(7) irreps to the products to obtain

(00){000)’ (02){1]0), (04)(111), (96)(100)- (3)

The whole collection comprises 64 operators and forms the generators of U,(8). Taken
together, the operators (8) "' and (8°)"*” form the generators for SO,(8) and (8%)"'”
are the SO,(7) generators. When summing over & to obtain groups relevant to the
entire f shell, we must remember to include the 8 dependent phase £"°, where £ =1,
—1,1,and —1 for 8 = A, i, v, and ¢ respectively. The need for this phase arises because
we chose to write 8" rather than (87)"/28"7 for the terms in the sequence (3).

o Foa sla o sitle  waa
L 1
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2.1. Spin and quasispin structure

The operators (6°)"'” can connect f-electron states that are diagonal in electron
number as well as states differing by two electrons. The situation for (8*)"'" and
(8%} is similar in that these operators have parts that change particle number N
by 0, £2, £4 and 0, £2, 4, +6 respectively. However, when summed over 8 with the
appropriate phase factor, those parts changing N by %2 and %6 disappear. In the
language of quasispin, we say that the group generators can change the z-component
of @by AM, =0, £2. A precisely similar situation arises with regard to the z-component
of S, that is AM; =0, +2. It turns out that AM,; and A M are not entirely independent
of each other and the pairs (AMy, AMg) =(0, £2) and (£2, 0) are not allowed. Labarthe
has discussed this aspect of multiple products of quasiparticles [6].

The duality between spin and quasispin is no accident since, under closer examin-
ation, the generators of U(8) are found to be invariant under spin-quasispin interchange.
The possible values for the spin (x) and quasispin (K) ranks for the operators in
equation (3) can be found by referring to Flowers’ tables of charge-spin supermultiplets
[16]. For example, for (8*)"'" we see that (K« )= (00), (11) and (22). However, when
summed over 8 we find that all of the possible ( K«) pairs no longer appear. Just which
of the possible values are present must be determined by direct calculation and it turns
out that the U(8) generators have the following mixtures of (K« ) values:

3/(6%°: (00)
T(6HMY: (00)
(e (00), (22)
T'(6%)°: (00), (22), (33)

where the primes on the summations indicate that the appropriate phase factors "
have been included.

(4)

/2

3. W, and its double group W1

The generators of U(8} are not only invariant under spin-quasispin interchange; the
operations of particle-hole conjugation and spin (or quasispin) reversal also leave
them invariant. In order to discuss further syrnmetries we introduce some notation.
We adopt the symbol {abcd} to represent the following permutation of the basic
quasiparticies; A—»a, wu—b, v>c¢ and £—>d, where a, b, ¢ or d may be another
quasiparticle or a phase times a quasiparticle. It is straightforward to show that the
operations of spin-quasispin interchange, particle-hole conjugation and spin-up and
spin-down interchange are given by the following permutations: {A u» —¢},
{r —¢-Ap}and {réaul

We can see from equations (4) that permutations of the quasiparticles are good
candidates for operations that leave invariant the U(8) generators, and the generators
of its subgroups. We must be careful, however, to ensure that permutations of the
quasiparticles yield permutations for their adjoints that preserve the basic anticommuta-
tion relations, and we are forced to consider permutations such as {—2A iv i€ u}, where
i=+/—1. Under this permutation, the relations

(6, 8] =(—1)'"""[0_,, O]s = 8(m, m')
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remain unchanged, since the factors i’ entering when the substitutions x> iv and v > ié
are made exactly compensate the factors (—1)" that differ for the pairs (u, ») and
(v, £). At the same time, the SO(7} generator

(AL E — () O + (o) P — (££) (for k odd) (5)

becomes
(A E = @Y (22) O + (1)) — ()™

and is thus left invariant. That this permutation leaves the remaining U(8) generators
invariant follows directly from equations {4). From this simple example it is not difficult
to see that any permutation {£,A e,iv £;51€ £41}, where g, can be £1, will reproduce the
required result. For a fixed choice of s, there are 24 permutations which close under
multiplication (by multiplication, we mean the usual rule for a product of permutations)
to give the group S,, the permutation group on four objects. Allowing each e to be
+1independently, we find that the 2* x 24 = 384 operations again close under multiplica-
tion and form a group isomorphic to the symmetry group of the tesseract [17]. We use
the symbol W, to denote this group although it has many different names throughout
the literature [18-21].

The 4-dimensional {irreducible) representation of W, that we have just described
is not the most convenient for use with our U(8) group because there is no simple
connection with the spin and quasispin. We can generate a 6-dimensional (irreducibie)
representation by considering the action of our basic permutations on the components
of the spin and quasispin vectors:

S, =321+ 1) [(A)@ — (uo) ]
8, =321+ 1) ?[i{p&) =i Ar)] (6)
S, =521+ 1) [(Ap ) ~ (v£)*]

and
Q. =521+ D —(A6)P — (ur)]
Q, =421+ 1) ~i(pg)? ~i(Ar)] )
Q. = 2l + 1) [(Ap) )+ (w8) .

Permutations of the #s induce permutations among the components of § and Q, and
we denote the permutation S,=a, S,» b, S.»>c¢, Q,»d, Q,»¢e and Q. ~f by the
symbol {abcdef}. In table 1 we list representative permutations for the 4- and 6-
dimensional irreps considered above; one for each class of W,. Also listed in table 1
are the number of elements in each class. Our classes are ordered in the the same way
as those listed by Littlewood {19].

The characters for this group have been worked out by several authors [18-21]. A
glance at Littlewood’s character table [19] indicates that this group is itself a double
group; a result that we might have anticipated since the basic quasiparticles belong to
the irrep Dy, % Dy, of 504(3) x SO4(3). The single-valued representations have bases
with integral spin and quasispin. When we consider the effect of W, transformations
on basis states with integral spin and half integral quasispin, we find that we need to
go to its double group W¥ in order to correctly classify these states. To proceed further
we construct a 4-dimensional representation in the basis given by the direct sum of
states with §=0, Q=1 and S=4, Q=0. The matrices of this representation are
determined by noting that the permutations listed in table 1 for the 6-dimensional
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Table 1. Listing of the classes of the groups W, and W. The number of elements in a
class is listed under the heading D; columns 3 and 4 contain representative group elements
for each class for the permutations of the quasiparticles (column 3) and for the components
of § and @ (column 4), Column § contains a representative group element for each of
the classes of the group W/. The classes are listed in the same order as those of Littlewood
[19]

Class D {abed} {a’b ed ef} {abed}

1 1 {Apvé) {5.5,8.Q.Q,Q.} fApvél

2 4 {’\ v _f} {Qx Qy Qz Sx Sy Sz} {/\ [ yg”}

3 12 {A—§vpl {5:5, -5, -0, ¢, Q,} {A—¢v—p7

4 12 Agvu} {Q:0,-Q,-5,5,58} {A-¢gv-ul

3 6 fAp—v—£} {-8,-8,8.-Q.—-Q &} {Auv ¢}

6 32 {rivigu} {Q —Q.—-Q, 5.5, -8} {aiwit —u"

7 24 {A —pigiv} {-Q,-Q.-Q. 5,5, -8} {Au"ig~iv?}

8 24 {r —pig—iv} {8,885 -Q, —Q, -Q.} {An"if ~iv}

9 4 {_A itk 4 g} {Qx Qy Qz sx sy Sz} {’\” ""'" v f}

10 32 {A —ivigp} {8:5.5,-Q.-Q. @} {air"if—p"}

11 48 {—igivi&iA} {—S, -5, -5.Q.Q, —-Q.} {in"ivifir}

12 48 {igivigir} {Q.-Q,Q,-5.5,5,} {ipivi£ia}

13 12 {—v—¢a ""} {”Sx Sy _S: Ox Qy Qz} {_V —£-A _“"}
14 24 {—vEau) {(-0.0Q,-0.5.5,5.} {—v ¢ -a"-p"}
15 12 {—A-£-vp} {-5.5,5.0.0,-Q} {A" =5 —p"}
16 3z {—Aivigp} {-5.-5.5,0.Q,Q} {A"ivig —p'}
17 32 {-A-wigw)  {-0.0,-0Q,5. 5. -S,} (Airig )

18 12 {=A¢—vu} {(-Q.3,Q.5.8,-5,} (A" —¢" " —p'}
1B 12 {véapl 5,5, -5, ~Gu ~Q, Qu} {—v"—¢" A"’}
20 I {A-p-v—f {55,50,00Q} o ¢

irrep, based on S and @, are ¢asily converted into rotations. For example, the representa-
tive permutation from class 11, {-S; -8, —S, Q. Q, —Q.}, corresponds to a product
of three rotations: the first by —w/2 about the y-axis in quasispin space, the second
by & about the z-axis in spin space and the third a rotation by /2 about the y-axis
in spin space. Some operators in the 6-dimensional irrep, for example, those from
classes 1 and 20, are identical and we must determine the form of the corresponding
rotations by appealing to the known transformations of the 4-dimensional bases with
§ =1and Q = i. Once we have the rotation operators, their matrix elements are evaluated
using angular momentum theory. It is a straightforward matter to find the new class
structure when we augment the representation matrices by —I, the matrix of the
operation corresponding to rotation by 27 in both spin and quasispin space. It turns
out that five new classes appear, deriving from classes 1, 3, 10, 11 and 13. We denote
these as classes 1*,3*, 10*, 11* and 13*, Thus W] has five new representations (I';, — T'5)
whose characters we have worked out and tabulated in table 2. In table 2 we give only
those characters for the new irreps of W¥. The complete character table for W¥ can
be obtained by augmenting Littlewood’s table [19] with the entries of table 2 and
noting that for the single-valued irreps, the characters for the new classes C* satisfy
the relation y(C*) = x(C), where C is the class in W, from which C™* is derived.

3.1. A subgroup of W,

The group W, is too general for our purposes, since it contains an element interchanging
the spin and quasispin. We usually wish to work within a single irrep of 504(3) x SO4(3)
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and so restrict our attention accordingly. The group we seek is obtained simply by
striking out those entries in table 1 for which the Qs appear to the left of the Ss, In
other words we remove all elements in classes 2, 4, 6, 7, 9, 12, 14, 17 and 18, The
remaining 192 elements again form a group. This group has been studied by Baake et
al [20, 21] who denote it as SW,. We have used standard techniques (see for example,
[22]) to work out its classes and characters. In table 3 we list a representative element
from each class for the 4- and 6-dimensional representations considered earlier. Our
notation is designed to indicate from which class of W, the classes of SW, derive. For
example, class 13 of W, gives rise to two classes in SW,, 13 and 13'; the reason being
that the elementis needed 10 put the members of classes 13 and 13’ into the same

Table 3. Listing of the classes of the group SW,. The number of elements in a class is
listed under the heading I; columns 3 and 4 contain representative group elements for
each class for the permutations of the quasiparticles (column 3) and for the components
of § and Q (column 4). Classes are labelled according to their origins in W,. Classes with
primes attached derive from a single class of W,.

Class D {abcd} {a" ¥ c'def}
1 1 {Auvé {5,9,5.0.Q,Q.}
3 12 {}l _éi’f&} {Sz Sy ﬂSx _'_Qz Gy Qx}
5 6 {Ap—v—¢} {-5, _Sysz - _Q.VQZ}
B 24 (A —pif —iv) {5, 9. -5.-Q,-0Q.-@Q.}
10 32 {A —ivigp} {8, 5.5, -Q. —Q.Q,)}
11 24 {~igivi£ia} {-8,-5,-5.Q.0, -0}
L 24 {ige —iwigir} {5.8, -8, -Q.-0Q, -Q.}
13 6 {—v —tau} {_sty =5 Qx Q)’Qz}
13 6 {v - —au} {5, 5,5, -0Q,Q, ~Q;}
15 12 {-A—£-wpu} {-5.5,5.Q,Q -0}
16 32 {—Aivigp) {~5, 5.5, Q. Q. Q)}
19 12 {veau) {8, -5, -5, Q. ~Q,Q:}
20 1 {—A—p—v-£} {55:5Q.0Q0Q}

Table 4. The characters for the irreps of 5W,. Columns are labelled by the class and below
the class label, the number of elements in that class.

1 3 5 8 10 11 11" 13 1¥ 15 16 19 20
t 12 6 24 32 24 24 6 6 12 32 12 1

r, 1 1 1 1 1 1t 1 1 1 1 1 1 1
r, 1 -1 1 -1 t -1 -1 1 1 -t 1 1 1
r, 2 0 2 0 -1 0 0 2 2 0-1 2 2
r. 3 1 3 1 0 -1 -1 -1 -1 1 0 -1 3
rs, 3 -1 3 -1 © 1 1 -1 -1 -1 0 -1 3
ry 3 1 -1 -1l 0 -1 1 -1 3 1 0 -1 3
r, 3 1 -1 -1 ¢ 1 -t 3 -1 1 0 -1 313
r, 3 -1 -1t 1 ¢ 1t -1 -1 3 -1 0 -1 3
r, 3. -1 -t 1 0 -1 1 3 -1-1 0 -1 3
e 6 0 -2 0 0 0 0 -2 -2 0 0 2 6
ry4 2 0 06 1 0 0 0 0 -2 -1 0 -4
4 -2 0 0 1 0 0 0 0 2 -1 0 -4
fr,8 0 0 0 -1 0 0 ¢ 0 0 1 0 -8
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conjugacy class are of the type that interchange spin and quasispin and are not present
in SW,. For SW,, the 6-dimensional representation is not irreducible; it transforms as
Is+I;. The 4-dimensional representation remains irreducible and transforms as I'y;.
The character table for SW, is presented in table 4, where we see again that SW, is
itself a double group. We shall be interested in bases for irreps of SW, with integral
spin and half-integral quasispin and so shall need to consider SW¥, the double group
of SW,. Following the procedure outlined in section 3 for W4, we find that 10 new
classes appcar for ovvf and hence 10 new lucpa, T 14 -r 23- In table 5 we gi'\«’c the
characters for these new irreps and again appeal to the relation y(C*)=x(C) to get
the characters of the single-valued irreps for the new classes.

4. U(2") and complementarity

Diagonalizing an gperator that is a scalar with respect to SWJ in an S05(3)xS0,(3)
basis vields states that transform as bases for irreps of SW¥. We know that the U(8)
generators are invariant under W} transformations and hence under SW¥ transforma-
tions also; so by diagonalizing the U(8) generators we obtain states transforming as
bases for SW¥ irreps which have, at the same time, good U(8) labels. Under certain
circumsiances the reverse of this argument may be true, that is, by uiagonauzmg a
suitably chosen SW¥ scalar we get states that transform as bases for irreps of U(8).
This idea is familiar to us from atomic physics, where the diagonalization of Q? and
52, both of which commute with the generators of SO(21+1), vields states with good
SO(2!1+1) symmetry. The labels obtained this way, namely, Q and S on the one hand
and the SO(2I+1) irrep labels on the other, are complementary in the sense of
Moshinsky and Quesne {8]. That is, specifying § and Q uniquely determines the
SO(21+1) labels.

A good candidate for an SW¥ scalar, to play an analogous role to that of Q? and
S is

(2) g2 (2) (2 (2) (2)

ZQO SO )+(Ql +Q—2)(SZ +S—2) (8)
______ (2) fnd (2) il il D bnsmcmsn vEi s TN tha muaciomisn and
wncrt: Q dalu 2 afc [dallR-4 LWlIdULD, wu.u aauxual.y stren gum, il the uadlspriil anG

spin spaces. The K, x, My and M, structure of (8) matches that of the third of
equations (4) except for an ineffective part with (Kx )=(00). We find that by diagonaliz-
ing equation (8) in the bases (Q, §)=(0, 1}, (0,2), (0,3),(1,3), (1, 3) and (2, 1) we obtain
just those states for the d shell calculated earlier by diagonalizing the many-electron
U(4) generators [3]. It turns out that there is a one-to-one correspondence, for Q
integral and § half-integral, between the U(4) irreps and the SW¥ irreps and so we
can say that SW¥ is the complementary group to U(4). The same correspondence exists
for the case of Q half-integral and § integral. If we follow the definition of Moshinsky
and Quesne [8] in the strictest sense, our statements concerning complementarity are
not quite correct since the correspondence should hold for a single irrep of SW.
However, by limiting our attention to one half of the atomic shell we are assured that
our remarks are not in error; and should the need arise we can always rephrase our
language in terms of W¥ for which the correspondence is unique. We find by direct
calculation that an analogous relationship holds for the irreps of U(8)} and those of
SW¥ for the f shell, and it is seems likely that SW¥ (or strictly speaking W) is the
complementary group to U(2'). The correspondence between irreps of U(8) and SwWi



Complementary groups in the quark model of the atom 2623

for Q half-integral (integral) and § integral (half-integral) is as follows:
[4]=T1s5(T'1a)
[31]=Ts(T ;)
[22]=T2(T2) 9

[1111]=T5(I).

Because of the isomorphism between U(4) and SO(6), W serves as the complemen-
tary group to both; however, this is not the case for higher I, and we must attempt to
construct SW scalars that can separate the U(2') states on the basis of the groups
appearing in the sequences {i}. For f electrons we need an operator with K =3 and
x =3 in order to correctly match the spin and quasispin of the fourth of equations (4),
and which can change M, and Mj; by 0 or +2, subject to the restrictions discussed in
section 2.1. We can see from table 6 that only one SW¥ scalar can be constructed from
tensors for which K=«==3, and the following operator has all the required properties:

(QF"—QE)(s5-5)). (10)

Table 6. Branching rules for the reduction 804(3) x 804(3) > 5Wi.

Q S rl

G ] S

Q 5 T

i 0 I

0 1 T,

1 o0 T,

0 i Ty

% O F23

0 2 T4

2 0 r,+T,

i 2 [y T2

2 i [ot+T 2

0 3 T,+Ts+I,

3 0  I+T;+T,

0 4 I +05+05+T

4 0 T, +T5+ T +T,y

4 1 I

1 5 Ty

1 1 T+l

1 i Fia+tTap

H 1 [t Ty

H i Totle+l;

i 2 s+l 4T+ + T

i H T Tt Tia+Tap+ Tys

2 2 4T+ 4+ T+ T+ 0+ T+ T+
2 3 s+ T+ 20+ Ty 2005

% 2 rl4+Flﬁ+2rlS+r20+2F22

3 3 F+2T, 20+ T+ T+ T+ Do +400,
4 4 20, 4T, 430+ 20+ 2T+ 3T, + 31, + 30, + 3T +4T
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In table 7 we give the U(8) and SO(8) classification of the states of the f shell obtained
using equations (8) and (10}. Only one quarter of the states are listed; those with parity
labels gg, gu and ug can be obtained using the following equations:

ME = — pue B MU MUY= M
© (11)
M= M MEE = _ A M% = MY,

Table 7. States of the f shell with parities vu. The labels a, b, ¢ attached to the irreducible
representations of SO(8) distinguish states on the basis of the U(8) representations specified
in the adjacent column for the spin-up and spin-down spaces. The quasispins Q and spins
S are indicated by prefaced multiplicities 2Q+1 and 25+1 to W.

Uig)  SO(8) UA(8) X Up(8) [ Mg, Mg, 2841357 Wy
[4]  (4000) [2]x[2] =4, 0,7 (222))
{2000) [2]1x[2] (B3 -5, 0, P11 +4(3, 2, ¥ +13, -2, 2(1HD)
(0000) (2]x[2] (&2 =1, 0, *(000) >+(u 13, 0, *1(000)
[31] (3100), [2]x[2] -i,0, 23(221)), {4 0 “3(211))
{3100, [11]x[2] L1, 2221, (%)”2| 1 —1 B211))+}5 2, 1, #{211))
{3100), {21x[11] [$, ~1, 221, (Y] -3, 1, Q)+l -1, 2Eny
(2000), {21x[2) GV, 2, Py - ()'2)3, -2, ¥any
(2000, [111%x[2] 4 -4 -1, *anp+ @2, 1, 20
{2000), [21x[11] -4 1, *anp+@72, -1, ¥y
(1100), [21x[2] =1, 0,110, | -4, 0, 7(100)
{1100), [11]x[2] Y72 -3, -1, S1op+i4, 1, a1+ —1, 2oy,
@28, 1, 7(100))+ (17213, 23, 7(100))
{1100), [2]x[11] A3 -1, 1, 210p -+, -1, BA10) +(HYA3, 1, ©(110)),
214, -1, (100) + (Y7214, 3, P (100)
{221 (2200, [111x[11] (3, 0, (2200, (WV? -4, 2, 10+ ()3 -}, -2, ¥*(210),
G133, 0, *Loon + G -4, 0, $1(200))
(2200, [2]x[2] {~4,0,"M(2201, | -4, 0, *(210%, | -4, 0, **(200)
(2000), [11]x[11] ORSER “5(111)>+%\—— 2, 4(p+4 -4, -2, *a1)
(2000),, f2]1x[2] MV =40, -1, 2, Sy-43, -2, )
{0000}, [11]x[11] @25 0, ’“(000)>+%i— 0, ¥'(000))
(0000),, [21x[2] (" -50, "‘(000»—(%)”2%, 0, #(000))
[211]  (2110), [11]x[11] 3,0, 2211, (WY -4 2, F1op - (1) -4, -2, #210)),

{2110),,

(2110),

(1100},
(1100},
(1100),

[1111] {(11i-1)
{1111)

(DY -4 2, By -3 -4 -2, ¥any,
(%)]/2‘%' 0’ 63(1|0)> )l.,n'ZI 5 0 63(110))
[11]x[2] ;3 11/,225_(312)1), ils(_lilil ;’3(2:1?5“(14]);)”1;, 1, B211)),
%‘”i\ 31 oqop- (1724, -1, 2(110)
[2]x[11] I(%i);zl"_zz(zlwﬁ’( i;ll ]—}f,_ll, :3(311 1)35?1(53');2\%, ~1, B(211),
G2 -1 1 P10y - @15 1, $(110)

[11]=%{11] $H23 0, 210n+ @ -4, 0, 1100,
()‘”l 3 2 00D+ (D2 -1, -2, F7(100))
[11]1x[2] LYY2 =3 —1, B (110)) ~ )'f2|2,1 S0 +{EH21E, -1, 2 (110)),

)I,IZII ] 2? 100) )1,"2|_-L 3 2‘.‘“00»

DY =4, ‘”(110» BV -1, 2100+ )5, 1, 2o,
2, 1 z’(100» {!)‘”l, 3, 7(100))
D213, 0, () -4 -4, 2, ¥y -4 -4, =2, *0ny
21121; 0 M(ZOU)) ( )l/ll 5 0 61(200))l
4
13

[2]x[11]

[11)x{11]
YA —4 2, P(100)) - (17 -1, -2, F(100),

(2
6
(.
(
[1]x[11] (
i
13 0, ‘“(000)) )7 -4, 0, ¥'(000))
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S. Generalizations

The generallzatlon of these ideas to higher I values is straightforward. The generators
of U(2') are invariant under Wi and SW¥ transformations and so these groups again
provide the base upon which we construct our quark states. The analysis becomes
more complicated due to the increasing number of (Kk) values associated with the
U(2') generators. For g electrons, for example, we have the situation that the generators
of U(16) have in addition to parts with (Kx)=(00), (22) and (33), contributions with
{Kk)=(44), for which M, and M, can assume the values 0, £2, or 4. The components
My and M, do not take on these values independently: the actual values assumed
are discussed below. The distribution of the (Kx) among the various generators of
U{16) can be found by extending the analysis of Flowers [16]. The generators of the
subgroups of U(16), found by setting /=4 in equations {1}, along with their various
mixtures of (Kk) values are as follows:

SO(9): T'(67)"* (00)
SO(10): T'(87) T /(0%) > (00), (22), (33), (44) (12)
SO(16): T'(8H)11, 36519 (00), (22), (33)

where the superscripted numbers give the transformation properties with respect to
S0(9) and the primes attached to the summations have the same significance as in
equations (4). U{16) has one additional generator, namely 2(8*)"""'" for which
(Kx)=(00} and (22). We find by looking at table 6 that (44} of SO,(3)xS04(3)
contains ", of SW# twice, and hence we can construct two SWF invariants from tensors
with spin and quasispin ranks of 4. Knowing that the U(16) generators cannot have
parts that change My and M, by =1 or £3, we can use the octahedral eigenfunctions
given by Lea et al [23] to help us construct the two following invariants:

(G20 + (3D + (&) 2QUN((E) 2857 + (V285 + ()2 8%) (13)
and
((5)72Q5" — G208 + ()2 QUG 28 — (1) /255 + ()25

+(Q5+ QUH(SE + ). (14)

It is to be noticed that the values of the pairs (M, M. ) are restricted. For example,
the values (4, 2) and (2, 0) never appear; the allowed values of My and M, just match
those of the U{16) generators. We have found that by diagonalizing some combination
of the operators of equations (8), (10), (13) and (14), it is possible to obtain the states
of the g shell in both schemes of equation {1). We find, for example, in the U(16) =
SO(16) > SO(9) scheme the following gg parity states as linear combinations of the
kets |Mg Mg 297 25wy wowy w)):
|[47(00 . . 0)(0000})

= ()" =50 '*"(0000)) + (35)" /30 "> (0000)) + ()'*] ~3 0 ***(0000))
[[22](00 .. 0)(0000); 15)

= ()72 ~10 "9 (0000)) ~ ()" 0 1*4(0000) + ("3 ~30 " (0000}
[{22](220 .. 0)(0000))

=—(5)"? =0 "*1(8000)) + (13)"" 0 (0000))
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while in the U(16) 2 SO(10) > SO(9) scheme, we have:
|[41(20000)(0000))

= ()" =10 *!(0000)) +(z4) /3 0 ' (0000)) + (3) /-5 0 '*(0000))
|[22](20000)(0000))

=~({5)""* —$0 **'(0000)) + (35)/*|3 0 '**(0000)) + (3)"/} -3 0 “’"(00003§6)
[[221(00000)( 0000}

=—(35)""*7 0 '*'(0000)) + (1) /* -3 0 '>'(0000)).

There appears to be no difficulty in extending this approach to cope with higher / values.

6. Complementary group to SO(7)"

With respect to the group SO(7)", a single quark transforms as (111)” and the states
of the f shell can be constructed by considering the product ((111))*. The SO(7)" irreps
appearing in this scheme are identical to those that arise for the analysis based on
S0O(7), so we anticipate a complementary group SO,(3)"xS0;(3}" in analogy with
the familiar spin and quasispin groups of ciassicai SO(7) theory. An examination of
the generators of SO(7) and SO(7)", as expressed in terms of the annihilation and
creation operators of the quarks s+ f [7], reveals that one can pass from one group
to the other simply by reversing the phase of the s quark relative to the f quark.
However, to convert the § and @Q of equations (6) and (7) to §” and Q" we need the
corresponding substitutions for quasiparticles. These are not so easy to obtain. Qur
starting point is the observation that the seven components of a tensor & belong to
the irreps (1100}, (100) and (10) of SO,(8), 80,(7) and G,,. The transformed 8, namely
@’, must belong to (1100), (100)” and (10) of 804(8), $04(7)" and G,,. Thus (100) is
replaced by (100}, but the other descriptions are unchanged. The only other irrep of
S0(7) that derives from (1100) of SO(8) and contains (10) of G, is (110), and the
corresponding operator can only be provided by the quintuple tensor product (8°)"'%,
We can conclude that the required substitutions are of the form

0_) 9”=A0+B(05)(”0}“0)3.

The two coefficients A and B can be found by requiring that the components of 8"
satisfy the same anticommutation relations as those of 8. In terms of the components
6, of the tensors 6, we ultimately arrive at the substitutions:

0, 03 =%93-1-%(936'%-1-(8)"’2323100(;3)
0, 05 =50, + 582020, +(8)V20,600_, )
8, 07 =16, —3(6:¢3¢,+(8)"?0,0,6_,c,) 1
6o 05 =30,+18,(c o+ e165— €164)
where
a=[6,86.]

Direct calculation shows that the substitutions (17) transform the generators of SO(7)
into those of SO(7)”, and vice versa, while leaving invariant the gene¢rators of SO(7)".
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7. Complementary group to SU(7Y

As an alternative to equation (1), we consider the group scheme
" UB)>Y>X>G, (18)

where Y can be SU(7), SU(7Y or SU(7)"” according to whether X is SO(7}, SO(7) or
SO(7)". We find that the complementary group to SU(7)’ is a group isomorphic to W,,
which we denote Wy. To see this, consider the transformation {—» —n" —A" —»"}, where
now we have added double primes to some of the quasiparticles appearing in the
permutation to indicate that the substitutions (17} have been made for those quasiparti-
cles. Applying this operation to the SU(7)" generators X'(8*)**® shows that they do
indeed remain invariant. Other SU(7)' generators are more difficult to handle when
written in terms of quasiparticles, and a simpler way to proceed is to write them as
L), for k=1,2,..., 6, noting that under the transformation #-» 8%, we have
£+ f4 and s} - —s!, from which the required invariance follows.

The new permutations considered above form the group Wi, obtained by adding
to the group of permutations among the quasiparticles, the substitution # > ¢". Making
this substitution twice sends 8- (8")"— 6, so the operation of adding a double prime
is formally similar to the sign change £; that we considered in section 3. This property
leads to the isomorphism between W, and W}, In table 1 we list representative group
elements for each of the classes of W}, which are the images of the elements of W,,
listed in column 3, under the isomorphism.

We are now in a position to classify the SU(7) states according to W, There are
two ways to proceed,; either by constructing states in the quasiparticle picture or by
using our knowledge of the quarks, The first approach soon becomes very cumbersome,
whereas in the second, states can be separated naturally according to the number of
occurrences of a particular m; component among the quark creation operators. For
example, the quark states fIBfZZfI2fZ2|O)s fszlafzzf;ﬂO), f)tzf.tzf:tz,f;zfo) and
Fiaftaft2fE|0), which we denote collectively as {3222}, transform as I',+T'y of Wi
The states {3111}, {3000}, {3—1—1—1}... behave similarly; in other words, those
states obtained by acting on the quark vacuum with four f~-quark creation operators,
three of which have identical m; values, transform as I'; +'y. A similar state of affairs
exists for the other possible distributions of m, values among four quarks. In tabie 8
we list, for the configurations f“~"s" with 0 < n <4, the transformation properties of
the various types of states that can occur, along with the number of states of each
type. The classification proceeds by starting from the state {3333}, which has m; =12
and belongs to [4]' of SU(7)’, and stepping down in units of m, until reaching m; =0.
At each stage those irreps of W} already assigned to SU(7)’ states are subtracted out,
allowing us to determine the complementary-group labels for the remaining SU(7)
states. The results are as follows:

[4] =T, [31] =T, [22] =Ty, [211] =T,
[3]=T,[217=T,,, [111} =I5

[2]' =T, (117 =T\ (19)
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Table 8 Transformation properties with respect to W, of the various quark states in the
configurations f*~"s" (0= n<4). The symbols in braces are the m; values (—3<m <3),
to be distributed among the four quarks, The number of states of a particular type is listed
under the heading D. An explicit zero in the braces refers to the m, value of an s quark.

Configuration D {mgmymym,} T,
f4 24 {mym,m;ym,} [ +T+20,+30,+30,
12 {mymymym,} r1+l_“5+2[‘.,+1“”
6 {m;m mym,} I +0+7,
{mymymym;} T +T,
1 {mymymym} T,
I 24 {mymym,0} [+l +20
12 {m, m,m;0} Ty3+T,
4 {mym,m,0} Ty
352 12 {m,m;00} 34Ty
6 {m,m,00} I,
it 4 {m,000} L3
54 1 {0000} I,

8. Application

Much of the discussion in this paper has been of a formal nature. An example of the
usefulness of the complementary group idea in the atomic quark model should serve
to bring us into contact with our previous analysis. In [1] we considered the three-
electron operator #,, used in configuration-interaction studies, and gave an explanation
for the vanishing of the matrix element (f’(222)(30)|£,/f7{221)(31)) in terms of the
group SO(7). It turned out that the operator t, could be expressed as a two-quark
operator of the form

((QT\‘IA )(2000)(qj“qﬂ)(ZOOO))(4000)(222) + ((qzqy)(2000)(qzqf){ZO()O))HOOO)(lZZ) (20)

where the SO(8) and SO(7) labels are specified as superscripts. If, now, we turn to
our complementary group W/, and consider the transformations of the six operators

((q545) " (g0:20) 2 [(667) = (Ap), (A¥), (AE), (uw), (ué), (v€)] (21}

it is straightforward to show that they belong to the representation I';+I's+T'y and
these, therefore, are the irreps available for labelling t,. The states appearing in the
bra and ket of the above matrix element belong to I';s and Ty, respectively, so the
matrix element has the form (I';5|F + s+ 1|5}, when written in terms of the com-
plementary group representations. A matrix element with these W labels must vanish,
since the Kronecker product I'y3 X1’y does not contain any of the irreps labelling the
operator, Thus the complementary group W/ has provided an alternative to our earlier
approach.

We anticipate other applications as we proceed to study 3-quark and 4-quark
operators. Just as the dependence of the matrix elements of operators on spin or
quasispin has been usefully represented in the past by the 3-j symbols of the groups
SO5(3) and SO,(3), so we expect relations between our quark operators to involve
Clebsch-Gordan coefficients for our new complementary groups. The absence of useful
tabulations of such coefficients means that any proportionalities we might establish
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between sets of matrix elements will lack numerical coefficients; but this would be a
minor price to pay for the gain in structural information.

9. Complementary group to G,

Unexpected relations between matrix elements frequently occur in the f shell: indeed,
they are the motivating force for the analysis presented above. Because all the states
are characterized by irreps of G,, it is natural to ask whether a complementary group
Z to G, exists, and, if so, whether the surprising simplifications that have accumulated
over the years could be explained at a single stroke in terms of the irreps of Z. As
pointed out some years ago [24], this possibility would not yield anything of value if
Z was simply the direct product

U(4) x U(B)xU(12) x...x U(60) . (22)

where the dimensions of the unitary groups are merely the number of occurrences of
the irreps (40), (31), (30),..., (00).

We are now in a position to construct a complementary group to G, because we
have at our disposal the four operators 8, @, §" and Q" which commute with the
generators of G,. If we take the various commutators of these four vectors, the
commutators of these commutators, and so on, the fermionic character of the com-
ponent creation and annihilation operators that form the resultant operators guarantees
closure. Since §" and Q" involve quintuple products of annihilation and creation
operators, the procedure is technically difficult, and there seems no reason to suppose
that an interesting early closure will be obtained. We have studied in detail what
happens if attention is limited just to the spin-up space, and indeed a trivial direct
product of unitary groups is produced. This a rather disappointing conclusion, but
not, perhaps, too surprising. After all, there is no simple Lie group with irreps with
the required dimensions 4, &, 12, ..., 60. There remains, however, the possibility that
a finite group might exist to play the role of Z. It would have to be a subgroup of the
product (22) and itself contain both W§ and W/ as subgroups. The smallest group to
contain both W¥ and W) comprises 12288 elements. Although the structure of this
group can be identified as the double group of a wreath product {of D, with 8,) we
prefer 1o set it aside as a topic for future study.
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